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Modular and Compositional Learning
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Introduction
Interference in Neural Networks is Catastrophic
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In neural networks, performance on 
A–B decreases catastrophically 
when learning A–C

Test on A-B list 

Q: dax? A: regal 
Q: jex? A: crazy 
      ...

Test on A-C list 

Q: feh? A: regal 
A: jic? A: crazy 
      ...

A–C list

A–B list

A–B list (List 1) 

regal     –  dax  
crazy     –  jex  
fruitless –  qob  
entire    –  mef  
twofold   –  vuq  

...

A–C list (List 2) 

regal     –  feh 
crazy     –  jic 
fruitless –  xuy 
entire    –  gyq 
twofold   –  sij 

...

McCloskey and Cohen 1989



Introduction
Interference in Humans is Gradual

5 McCloskey and Cohen 1989

"The results showed that during the 
learning of List 2 there is a gradual 
decrease in frequency of List 1 
responses, the curve being not unlike an 
extinction curve." (Barnes and Underwood 1959)

In humans, performance on A–B 

decreases gradually when learning A–C

A–C list

A–B list



Introduction
Some Degree of Interference is not a Problem

6 McCloskey and Cohen 1989

Neural Networks 

2 AA-75286-12 11

Humans 



Introduction
Interference is a Significant Problem and Inevitable

7

"To the extent that one is interested in using connectionist networks to model human 
learning and memory, this sort of disruption would appear to be a significant problem."  
(McCloskey and Cohen 1989: 123)

"[I]t has been widely thought that catastrophic forgetting is an inevitable feature of 
connectionist models."  
(Kirckpatrick et al 2017: 3521)

"To put it somewhat flippantly, the magnitude of the observed interference makes it 
seem more like retrograde amnesia than retroactive interference."   
(McCloskey and Cohen 1989: 123)
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Interference in Continual Learning
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Introduction
Interference in Continual Learning
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Easy Gap Challenging Gap

Easy Gap 
after learning 

Challenging Gap
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Transfer and Interference in Continual Learning
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Transfer

Interference
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Transfer–Interference Trade-off
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Learning to Learn without Forgetting
Navigating the Transfer–Interference Trade-Off

Learning to Learn without Forgetting by Maximizing Transfer and Minimizing 
Interference 

■ Introduces the transfer-interference trade off. 
■ Meta-Experience Replay as a solution to navigate the trade-off. 

• Matt Riemer, Ignacio Cases, Robert Ajemian, Miao Liu, Irina Rish, Yuhai Tu, and Gerald Tesauro, published 
in ICLR 2019, NeurIPS 2018 (spotlight talk) 

The proposed solution 
✦ Memory: incorporates past experiences to make the learned distribution compatible 

with the past. 
✦ Learning to learn: an algorithm that learns to learn to maximize transfer and minimize 

interference.
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For any two data points (xi,yi) and (xj,yj) we define an instant in time 

with loss L and parameters : 

Transfer 
■ When we train on one we improve on the other: 

Interference 
■ When we train on one we get worse at the other:

Learning to Learn without Forgetting
Transfer and Interference as an Inner Product
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Learning to Learn without Forgetting
Distribution of the Products
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✓j
<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>
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@✓
· @Lj

@✓
> 0

<latexit sha1_base64="UF9hNYFCiyouR7nGq8YErgKuGZM=">AAACPHicbVC7TsMwFHXKq5RXgZHFokJiqpKCBBOqYGFgKII+pKaKHMdpDY4T2TdIVdQPY+Ej2JhYGECIlRn3IQFtj2Tp+Nxzr32PnwiuwbZfrNzC4tLySn61sLa+sblV3N5p6DhVlNVpLGLV8olmgktWBw6CtRLFSOQL1vTvL4b15gNTmsfyFvoJ60SkK3nIKQEjecUbN1SEZm5CFHAi8JXHB783F3oMyAC7NIgBz1jv5ljPsO0VS3bZHgHPEmdCSmiCmld8doOYphGTQAXRuu3YCXSy4WQq2KDgppolhN6TLmsbKknEdCcbLT/AB0YJcBgrcyTgkfq3IyOR1v3IN86IQE9P14bivFo7hfC0k3GZpMAkHT8UpgJDjIdJ4oArRkH0DSFUcfNXTHvERAQm74IJwZleeZY0KmXnqFy5Pi5Vzydx5NEe2keHyEEnqIouUQ3VEUWP6BW9ow/ryXqzPq2vsTVnTXp20T9Y3z95G69i</latexit>

Weight sharing 
across examples 

Possible
distribution

Orthogonalized
Knowledge

Compressed
Knowledge

High 
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✓i
<latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit>

✓j
<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>

✓i
<latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit>

✓j
<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>
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> 0

<latexit sha1_base64="UF9hNYFCiyouR7nGq8YErgKuGZM=">AAACPHicbVC7TsMwFHXKq5RXgZHFokJiqpKCBBOqYGFgKII+pKaKHMdpDY4T2TdIVdQPY+Ej2JhYGECIlRn3IQFtj2Tp+Nxzr32PnwiuwbZfrNzC4tLySn61sLa+sblV3N5p6DhVlNVpLGLV8olmgktWBw6CtRLFSOQL1vTvL4b15gNTmsfyFvoJ60SkK3nIKQEjecUbN1SEZm5CFHAi8JXHB783F3oMyAC7NIgBz1jv5ljPsO0VS3bZHgHPEmdCSmiCmld8doOYphGTQAXRuu3YCXSy4WQq2KDgppolhN6TLmsbKknEdCcbLT/AB0YJcBgrcyTgkfq3IyOR1v3IN86IQE9P14bivFo7hfC0k3GZpMAkHT8UpgJDjIdJ4oArRkH0DSFUcfNXTHvERAQm74IJwZleeZY0KmXnqFy5Pi5Vzydx5NEe2keHyEEnqIouUQ3VEUWP6BW9ow/ryXqzPq2vsTVnTXp20T9Y3z95G69i</latexit>
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<latexit sha1_base64="3jArQzIdsaU3MPdotvm9UMw0DHw="></latexit>
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<latexit sha1_base64="0Q3w6hcqWeq5B5r8MdLaJZV3ayY="></latexit>
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✓i
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<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>
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✓i
<latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit>

✓j
<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>

✓i
<latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit><latexit sha1_base64="7oNlFgnMzVWHsxisJ1PN/N2kgNU=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8pmO22XbjZxdyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ykMOR5305hbX1jc6u4XdrZ3ds/KB8eNU2cao4NHstYt0NmUAqFDRIksZ1oZFEosRWOb2f11hNqI2L1QJMEg4gNlRgIzsha7S6NkFhP9MoVr+rN5a6Cn0MFctV75a9uP+ZphIq4ZMZ0fC+hIGOaBJc4LXVTgwnjYzbEjkXFIjRBNt936p5Zp+8OYm2fInfu/p7IWGTMJAptZ8RoZJZrM/O/WielwXWQCZWkhIovPhqk0qXYnR3v9oVGTnJigXEt7K4uHzHNONmISjYEf/nkVWheVH3L95eV2k0eRxFO4BTOwYcrqMEd1KEBHCQ8wyu8OY/Oi/PufCxaC04+cwx/5Hz+ACJYkAQ=</latexit>

✓j
<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>
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<latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit><latexit sha1_base64="Kikg297GOi4umol6sW7ADHqcVTs=">AAAB73icbZBNS8NAEIYnftb6VfXoJVgETyURQY9FLx4r2A9oQ9lsJ+3azSbuToRS+ie8eFDEq3/Hm//GbZuDtr6w8PDODDvzhqkUhjzv21lZXVvf2CxsFbd3dvf2SweHDZNkmmOdJzLRrZAZlEJhnQRJbKUaWRxKbIbDm2m9+YTaiETd0yjFIGZ9JSLBGVmr1aEBEus+dEtlr+LN5C6Dn0MZctW6pa9OL+FZjIq4ZMa0fS+lYMw0CS5xUuxkBlPGh6yPbYuKxWiC8WzfiXtqnZ4bJdo+Re7M/T0xZrExozi0nTGjgVmsTc3/au2MoqtgLFSaESo+/yjKpEuJOz3e7QmNnOTIAuNa2F1dPmCacbIRFW0I/uLJy9A4r/iW7y7K1es8jgIcwwmcgQ+XUIVbqEEdOEh4hld4cx6dF+fd+Zi3rjj5zBH8kfP5AyPckAU=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>

@L
@✓i

· @L
@✓j

<latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit><latexit sha1_base64="XlWETJB7zY2hU0hNlCzxtFEo7NY=">AAACTXiclVHLSsNAFJ3Ud3xVXboZLIIrSUTQZdGNCxcV7AOaUm4mEzs6eTBzI5SQH3QjuPMv3LhQRJy0Wah144GBw7n33Llzxk+l0Og4z1Ztbn5hcWl5xV5dW9/YrG9td3SSKcbbLJGJ6vmguRQxb6NAyXup4hD5knf9u/Oy3r3nSoskvsZxygcR3MQiFAzQSMN6YHuhApZ7KSgUIKkXAY4YyPyyKL6pOOIIQ1FQjwUJ0v+YbothveEcOhPQWeJWpEEqtIb1Jy9IWBbxGJkErfuuk+IgL+cyyQvbyzRPgd3BDe8bGkPE9SCfpFHQfaMENEyUOTHSifrdkUOk9TjyTWe5tv5dK8W/av0Mw9NBLuI0Qx6z6UVhJikmtIyWBkJxhnJsCDAlzK6UjcAEheYDbBOC+/vJs6RzdOgafnXcaJ5VcSyTXbJHDohLTkiTXJAWaRNGHsgLeSPv1qP1an1Yn9PWmlV5dsgP1Ja+AP9vtsE=</latexit>
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Router

Router

Router

x

R(ŷ)
<latexit sha1_base64="XF2ffYCoqLT5Qz3O1iyD7+y/b2w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiG5dV7AOaUG6mk3bo5MHMRIgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45XsyZVJb1bSwtr6yurVc2qptb2zu75t5+R0aJILRNIh6JngeSchbStmKK014sKAQep11vcl343QcqJIvCe5XG1A1gFDKfEVBaGpiHTgBqTIBnd3ndGYPK0vx0YNashjUFXiR2SWqoRGtgfjnDiCQBDRXhIGXftmLlZiAUI5zmVSeRNAYygRHtaxpCQKWbTdPn+EQrQ+xHQr9Q4an6eyODQMo08PRkkVXOe4X4n9dPlH/pZiyME0VDMjvkJxyrCBdV4CETlCieagJEMJ0VkzEIIEoXVtUl2PNfXiSds4at+e15rXlV1lFBR+gY1ZGNLlAT3aAWaiOCHtEzekVvxpPxYrwbH7PRJaPcOUB/YHz+AJsTlU4=</latexit><latexit sha1_base64="XF2ffYCoqLT5Qz3O1iyD7+y/b2w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiG5dV7AOaUG6mk3bo5MHMRIgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45XsyZVJb1bSwtr6yurVc2qptb2zu75t5+R0aJILRNIh6JngeSchbStmKK014sKAQep11vcl343QcqJIvCe5XG1A1gFDKfEVBaGpiHTgBqTIBnd3ndGYPK0vx0YNashjUFXiR2SWqoRGtgfjnDiCQBDRXhIGXftmLlZiAUI5zmVSeRNAYygRHtaxpCQKWbTdPn+EQrQ+xHQr9Q4an6eyODQMo08PRkkVXOe4X4n9dPlH/pZiyME0VDMjvkJxyrCBdV4CETlCieagJEMJ0VkzEIIEoXVtUl2PNfXiSds4at+e15rXlV1lFBR+gY1ZGNLlAT3aAWaiOCHtEzekVvxpPxYrwbH7PRJaPcOUB/YHz+AJsTlU4=</latexit><latexit sha1_base64="XF2ffYCoqLT5Qz3O1iyD7+y/b2w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiG5dV7AOaUG6mk3bo5MHMRIgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45XsyZVJb1bSwtr6yurVc2qptb2zu75t5+R0aJILRNIh6JngeSchbStmKK014sKAQep11vcl343QcqJIvCe5XG1A1gFDKfEVBaGpiHTgBqTIBnd3ndGYPK0vx0YNashjUFXiR2SWqoRGtgfjnDiCQBDRXhIGXftmLlZiAUI5zmVSeRNAYygRHtaxpCQKWbTdPn+EQrQ+xHQr9Q4an6eyODQMo08PRkkVXOe4X4n9dPlH/pZiyME0VDMjvkJxyrCBdV4CETlCieagJEMJ0VkzEIIEoXVtUl2PNfXiSds4at+e15rXlV1lFBR+gY1ZGNLlAT3aAWaiOCHtEzekVvxpPxYrwbH7PRJaPcOUB/YHz+AJsTlU4=</latexit><latexit sha1_base64="XF2ffYCoqLT5Qz3O1iyD7+y/b2w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiG5dV7AOaUG6mk3bo5MHMRIgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45XsyZVJb1bSwtr6yurVc2qptb2zu75t5+R0aJILRNIh6JngeSchbStmKK014sKAQep11vcl343QcqJIvCe5XG1A1gFDKfEVBaGpiHTgBqTIBnd3ndGYPK0vx0YNashjUFXiR2SWqoRGtgfjnDiCQBDRXhIGXftmLlZiAUI5zmVSeRNAYygRHtaxpCQKWbTdPn+EQrQ+xHQr9Q4an6eyODQMo08PRkkVXOe4X4n9dPlH/pZiyME0VDMjvkJxyrCBdV4CETlCieagJEMJ0VkzEIIEoXVtUl2PNfXiSds4at+e15rXlV1lFBR+gY1ZGNLlAT3aAWaiOCHtEzekVvxpPxYrwbH7PRJaPcOUB/YHz+AJsTlU4=</latexit>

@L
@f2

<latexit sha1_base64="XMVribdXl5pxnvL6uUc6qMR5exQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRF0GXRjQsXFewDmhBuppN26OTBzEQoIf/gxl9x40IRt27c+TdO2iDaemDgcM69d+49fsKZVJb1ZSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lng+SchbRtmKK014iKIQ+p11/fFX43XsqJIujOzVJqBvCMGIBI6C05JmnTiCAZE4CQjHg2AlBjQjw7CbPf9Qs8Bp57pk1q25NgReJXZIaKtHyzE9nEJM0pJEiHKTs21ai3KyYSTjNq04qaQJkDEPa1zSCkEo3m96U42OtDHAQC/0ihafq744MQiknoa8ri5XlvFeI/3n9VAUXbsaiJFU0IrOPgpRjFeMiIDxgghLFJ5oAEUzviskIdEhKx1jVIdjzJy+STqNua357VmtelnFU0CE6QifIRueoia5RC7URQQ/oCb2gV+PReDbejPdZ6ZJR9hygPzA+vgG+TZ9S</latexit><latexit sha1_base64="XMVribdXl5pxnvL6uUc6qMR5exQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRF0GXRjQsXFewDmhBuppN26OTBzEQoIf/gxl9x40IRt27c+TdO2iDaemDgcM69d+49fsKZVJb1ZSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lng+SchbRtmKK014iKIQ+p11/fFX43XsqJIujOzVJqBvCMGIBI6C05JmnTiCAZE4CQjHg2AlBjQjw7CbPf9Qs8Bp57pk1q25NgReJXZIaKtHyzE9nEJM0pJEiHKTs21ai3KyYSTjNq04qaQJkDEPa1zSCkEo3m96U42OtDHAQC/0ihafq744MQiknoa8ri5XlvFeI/3n9VAUXbsaiJFU0IrOPgpRjFeMiIDxgghLFJ5oAEUzviskIdEhKx1jVIdjzJy+STqNua357VmtelnFU0CE6QifIRueoia5RC7URQQ/oCb2gV+PReDbejPdZ6ZJR9hygPzA+vgG+TZ9S</latexit><latexit sha1_base64="XMVribdXl5pxnvL6uUc6qMR5exQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRF0GXRjQsXFewDmhBuppN26OTBzEQoIf/gxl9x40IRt27c+TdO2iDaemDgcM69d+49fsKZVJb1ZSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lng+SchbRtmKK014iKIQ+p11/fFX43XsqJIujOzVJqBvCMGIBI6C05JmnTiCAZE4CQjHg2AlBjQjw7CbPf9Qs8Bp57pk1q25NgReJXZIaKtHyzE9nEJM0pJEiHKTs21ai3KyYSTjNq04qaQJkDEPa1zSCkEo3m96U42OtDHAQC/0ihafq744MQiknoa8ri5XlvFeI/3n9VAUXbsaiJFU0IrOPgpRjFeMiIDxgghLFJ5oAEUzviskIdEhKx1jVIdjzJy+STqNua357VmtelnFU0CE6QifIRueoia5RC7URQQ/oCb2gV+PReDbejPdZ6ZJR9hygPzA+vgG+TZ9S</latexit><latexit sha1_base64="XMVribdXl5pxnvL6uUc6qMR5exQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRF0GXRjQsXFewDmhBuppN26OTBzEQoIf/gxl9x40IRt27c+TdO2iDaemDgcM69d+49fsKZVJb1ZSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lng+SchbRtmKK014iKIQ+p11/fFX43XsqJIujOzVJqBvCMGIBI6C05JmnTiCAZE4CQjHg2AlBjQjw7CbPf9Qs8Bp57pk1q25NgReJXZIaKtHyzE9nEJM0pJEiHKTs21ai3KyYSTjNq04qaQJkDEPa1zSCkEo3m96U42OtDHAQC/0ihafq744MQiknoa8ri5XlvFeI/3n9VAUXbsaiJFU0IrOPgpRjFeMiIDxgghLFJ5oAEUzviskIdEhKx1jVIdjzJy+STqNua357VmtelnFU0CE6QifIRueoia5RC7URQQ/oCb2gV+PReDbejPdZ6ZJR9hygPzA+vgG+TZ9S</latexit>

ŷ = f2(f1(f3(x)))
<latexit sha1_base64="9JuqyoDLh7XfXgRAEKM25NHE49o=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI7aYkVdCNUHTjsoK9QBvCZDpph04uzJyIIRTc+CpuXCji1pdw59s4bbPQ1h8OfPznHGbO78WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WypKJGVNGolIdjyimOAhawIHwTqxZCTwBGt7o+tJv33PpOJReAdpzJyADELuc0pAW6552BsSyNIxvsS+Wyv7rq3rtPxQqVRcs2RVranwItg5lFCuhmt+9foRTQIWAhVEqa5txeBkRAKngo2LvUSxmNARGbCuxpAETDnZ9IYxPtFOH/uR1BUCnrq/NzISKJUGnp4MCAzVfG9i/tfrJuBfOBkP4wRYSGcP+YnAEOFJILjPJaMgUg2ESq7/iumQSEJBx1bUIdjzJy9Cq1a1Nd+elepXeRwFdISOURnZ6BzV0Q1qoCai6BE9o1f0ZjwZL8a78TEbXTLynQP0R8bnD5aElYY=</latexit><latexit sha1_base64="9JuqyoDLh7XfXgRAEKM25NHE49o=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI7aYkVdCNUHTjsoK9QBvCZDpph04uzJyIIRTc+CpuXCji1pdw59s4bbPQ1h8OfPznHGbO78WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WypKJGVNGolIdjyimOAhawIHwTqxZCTwBGt7o+tJv33PpOJReAdpzJyADELuc0pAW6552BsSyNIxvsS+Wyv7rq3rtPxQqVRcs2RVranwItg5lFCuhmt+9foRTQIWAhVEqa5txeBkRAKngo2LvUSxmNARGbCuxpAETDnZ9IYxPtFOH/uR1BUCnrq/NzISKJUGnp4MCAzVfG9i/tfrJuBfOBkP4wRYSGcP+YnAEOFJILjPJaMgUg2ESq7/iumQSEJBx1bUIdjzJy9Cq1a1Nd+elepXeRwFdISOURnZ6BzV0Q1qoCai6BE9o1f0ZjwZL8a78TEbXTLynQP0R8bnD5aElYY=</latexit><latexit sha1_base64="9JuqyoDLh7XfXgRAEKM25NHE49o=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI7aYkVdCNUHTjsoK9QBvCZDpph04uzJyIIRTc+CpuXCji1pdw59s4bbPQ1h8OfPznHGbO78WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WypKJGVNGolIdjyimOAhawIHwTqxZCTwBGt7o+tJv33PpOJReAdpzJyADELuc0pAW6552BsSyNIxvsS+Wyv7rq3rtPxQqVRcs2RVranwItg5lFCuhmt+9foRTQIWAhVEqa5txeBkRAKngo2LvUSxmNARGbCuxpAETDnZ9IYxPtFOH/uR1BUCnrq/NzISKJUGnp4MCAzVfG9i/tfrJuBfOBkP4wRYSGcP+YnAEOFJILjPJaMgUg2ESq7/iumQSEJBx1bUIdjzJy9Cq1a1Nd+elepXeRwFdISOURnZ6BzV0Q1qoCai6BE9o1f0ZjwZL8a78TEbXTLynQP0R8bnD5aElYY=</latexit><latexit sha1_base64="9JuqyoDLh7XfXgRAEKM25NHE49o=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI7aYkVdCNUHTjsoK9QBvCZDpph04uzJyIIRTc+CpuXCji1pdw59s4bbPQ1h8OfPznHGbO78WCK7Csb2NpeWV1bb2wUdzc2t7ZNff2WypKJGVNGolIdjyimOAhawIHwTqxZCTwBGt7o+tJv33PpOJReAdpzJyADELuc0pAW6552BsSyNIxvsS+Wyv7rq3rtPxQqVRcs2RVranwItg5lFCuhmt+9foRTQIWAhVEqa5txeBkRAKngo2LvUSxmNARGbCuxpAETDnZ9IYxPtFOH/uR1BUCnrq/NzISKJUGnp4MCAzVfG9i/tfrJuBfOBkP4wRYSGcP+YnAEOFJILjPJaMgUg2ESq7/iumQSEJBx1bUIdjzJy9Cq1a1Nd+elepXeRwFdISOURnZ6BzV0Q1qoCai6BE9o1f0ZjwZL8a78TEbXTLynQP0R8bnD5aElYY=</latexit>

@L
@f3

<latexit sha1_base64="CITt/kw7q0ejtIzO5trHyWTUmlk=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQq6LLoxoWLCvYBTQg300k7dPJgZiKUkH9w46+4caGIWzfu/BsnbRBtPTBwOOfeO/ceP+FMKsv6MhYWl5ZXVitr1fWNza1tc2e3LeNUENoiMY9F1wdJOYtoSzHFaTcRFEKf044/uir8zj0VksXRnRon1A1hELGAEVBa8sxjJxBAMicBoRhw7ISghgR4dpPnP2oWeKd57pk1q25NgOeJXZIaKtH0zE+nH5M0pJEiHKTs2Vai3KyYSTjNq04qaQJkBAPa0zSCkEo3m9yU40Ot9HEQC/0ihSfq744MQinHoa8ri5XlrFeI/3m9VAUXbsaiJFU0ItOPgpRjFeMiINxnghLFx5oAEUzviskQdEhKx1jVIdizJ8+T9knd1vz2rNa4LOOooH10gI6Qjc5RA12jJmohgh7QE3pBr8aj8Wy8Ge/T0gWj7NlDf2B8fAO/059T</latexit><latexit sha1_base64="CITt/kw7q0ejtIzO5trHyWTUmlk=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQq6LLoxoWLCvYBTQg300k7dPJgZiKUkH9w46+4caGIWzfu/BsnbRBtPTBwOOfeO/ceP+FMKsv6MhYWl5ZXVitr1fWNza1tc2e3LeNUENoiMY9F1wdJOYtoSzHFaTcRFEKf044/uir8zj0VksXRnRon1A1hELGAEVBa8sxjJxBAMicBoRhw7ISghgR4dpPnP2oWeKd57pk1q25NgOeJXZIaKtH0zE+nH5M0pJEiHKTs2Vai3KyYSTjNq04qaQJkBAPa0zSCkEo3m9yU40Ot9HEQC/0ihSfq744MQinHoa8ri5XlrFeI/3m9VAUXbsaiJFU0ItOPgpRjFeMiINxnghLFx5oAEUzviskQdEhKx1jVIdizJ8+T9knd1vz2rNa4LOOooH10gI6Qjc5RA12jJmohgh7QE3pBr8aj8Wy8Ge/T0gWj7NlDf2B8fAO/059T</latexit><latexit sha1_base64="CITt/kw7q0ejtIzO5trHyWTUmlk=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQq6LLoxoWLCvYBTQg300k7dPJgZiKUkH9w46+4caGIWzfu/BsnbRBtPTBwOOfeO/ceP+FMKsv6MhYWl5ZXVitr1fWNza1tc2e3LeNUENoiMY9F1wdJOYtoSzHFaTcRFEKf044/uir8zj0VksXRnRon1A1hELGAEVBa8sxjJxBAMicBoRhw7ISghgR4dpPnP2oWeKd57pk1q25NgOeJXZIaKtH0zE+nH5M0pJEiHKTs2Vai3KyYSTjNq04qaQJkBAPa0zSCkEo3m9yU40Ot9HEQC/0ihSfq744MQinHoa8ri5XlrFeI/3m9VAUXbsaiJFU0ItOPgpRjFeMiINxnghLFx5oAEUzviskQdEhKx1jVIdizJ8+T9knd1vz2rNa4LOOooH10gI6Qjc5RA12jJmohgh7QE3pBr8aj8Wy8Ge/T0gWj7NlDf2B8fAO/059T</latexit><latexit sha1_base64="CITt/kw7q0ejtIzO5trHyWTUmlk=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQq6LLoxoWLCvYBTQg300k7dPJgZiKUkH9w46+4caGIWzfu/BsnbRBtPTBwOOfeO/ceP+FMKsv6MhYWl5ZXVitr1fWNza1tc2e3LeNUENoiMY9F1wdJOYtoSzHFaTcRFEKf044/uir8zj0VksXRnRon1A1hELGAEVBa8sxjJxBAMicBoRhw7ISghgR4dpPnP2oWeKd57pk1q25NgOeJXZIaKtH0zE+nH5M0pJEiHKTs2Vai3KyYSTjNq04qaQJkBAPa0zSCkEo3m9yU40Ot9HEQC/0ihSfq744MQinHoa8ri5XlrFeI/3m9VAUXbsaiJFU0ItOPgpRjFeMiINxnghLFx5oAEUzviskQdEhKx1jVIdizJ8+T9knd1vz2rNa4LOOooH10gI6Qjc5RA12jJmohgh7QE3pBr8aj8Wy8Ge/T0gWj7NlDf2B8fAO/059T</latexit>

@L
@f1

<latexit sha1_base64="BRuxbiasg2dbOQyMtk6JM/djXTs=">AAACE3icbVDLSsNAFL2pr1pfUZduBosgLkoigi6Lbly4qGAf0IQwmU7aoZMHMxOhhPyDG3/FjQtF3Lpx5984aYNo64GBwzn33rn3+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29joxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3646vC795TIVkc3alJQt0QDyMWMIKVljzzxAkEJpmTYKEY5sgJsRoRzLObPP9Rs8Cz89wz61bDmgItErskdSjR8sxPZxCTNKSRIhxL2betRLlZMZNwmtecVNIEkzEe0r6mEQ6pdLPpTTk60soABbHQL1Joqv7uyHAo5ST0dWWxspz3CvE/r5+q4MLNWJSkikZk9lGQcqRiVASEBkxQovhEE0wE07siMsI6JKVjrOkQ7PmTF0nntGFrfntWb16WcVThAA7hGGw4hyZcQwvaQOABnuAFXo1H49l4M95npRWj7NmHPzA+vgG8x59R</latexit><latexit sha1_base64="BRuxbiasg2dbOQyMtk6JM/djXTs=">AAACE3icbVDLSsNAFL2pr1pfUZduBosgLkoigi6Lbly4qGAf0IQwmU7aoZMHMxOhhPyDG3/FjQtF3Lpx5984aYNo64GBwzn33rn3+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29joxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3646vC795TIVkc3alJQt0QDyMWMIKVljzzxAkEJpmTYKEY5sgJsRoRzLObPP9Rs8Cz89wz61bDmgItErskdSjR8sxPZxCTNKSRIhxL2betRLlZMZNwmtecVNIEkzEe0r6mEQ6pdLPpTTk60soABbHQL1Joqv7uyHAo5ST0dWWxspz3CvE/r5+q4MLNWJSkikZk9lGQcqRiVASEBkxQovhEE0wE07siMsI6JKVjrOkQ7PmTF0nntGFrfntWb16WcVThAA7hGGw4hyZcQwvaQOABnuAFXo1H49l4M95npRWj7NmHPzA+vgG8x59R</latexit><latexit sha1_base64="BRuxbiasg2dbOQyMtk6JM/djXTs=">AAACE3icbVDLSsNAFL2pr1pfUZduBosgLkoigi6Lbly4qGAf0IQwmU7aoZMHMxOhhPyDG3/FjQtF3Lpx5984aYNo64GBwzn33rn3+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29joxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3646vC795TIVkc3alJQt0QDyMWMIKVljzzxAkEJpmTYKEY5sgJsRoRzLObPP9Rs8Cz89wz61bDmgItErskdSjR8sxPZxCTNKSRIhxL2betRLlZMZNwmtecVNIEkzEe0r6mEQ6pdLPpTTk60soABbHQL1Joqv7uyHAo5ST0dWWxspz3CvE/r5+q4MLNWJSkikZk9lGQcqRiVASEBkxQovhEE0wE07siMsI6JKVjrOkQ7PmTF0nntGFrfntWb16WcVThAA7hGGw4hyZcQwvaQOABnuAFXo1H49l4M95npRWj7NmHPzA+vgG8x59R</latexit><latexit sha1_base64="BRuxbiasg2dbOQyMtk6JM/djXTs=">AAACE3icbVDLSsNAFL2pr1pfUZduBosgLkoigi6Lbly4qGAf0IQwmU7aoZMHMxOhhPyDG3/FjQtF3Lpx5984aYNo64GBwzn33rn3+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29joxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3646vC795TIVkc3alJQt0QDyMWMIKVljzzxAkEJpmTYKEY5sgJsRoRzLObPP9Rs8Cz89wz61bDmgItErskdSjR8sxPZxCTNKSRIhxL2betRLlZMZNwmtecVNIEkzEe0r6mEQ6pdLPpTTk60soABbHQL1Joqv7uyHAo5ST0dWWxspz3CvE/r5+q4MLNWJSkikZk9lGQcqRiVASEBkxQovhEE0wE07siMsI6JKVjrOkQ7PmTF0nntGFrfntWb16WcVThAA7hGGw4hyZcQwvaQOABnuAFXo1H49l4M95npRWj7NmHPzA+vgG8x59R</latexit>

L(ŷ)
<latexit sha1_base64="rEC81UtAemRDLO3rEc4EGJN/sFk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiGxcuKtgHNKFMppN26OTBzI0QQ/BX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c7xYcAWW9W0sLa+srq1XNqqbW9s7u+befkdFiaSsTSMRyZ5HFBM8ZG3gIFgvlowEnmBdb3Jd+N0HJhWPwntIY+YGZBRyn1MCWhqYh05AYEyJyG7zujMmkKX56cCsWQ1rCrxI7JLUUInWwPxyhhFNAhYCFUSpvm3F4GZEAqeC5VUnUSwmdEJGrK9pSAKm3GyaPscnWhliP5L6hYCn6u+NjARKpYGnJ4usat4rxP+8fgL+pZvxME6AhXR2yE8EhggXVeAhl4yCSDUhVHKdFdMxkYSCLqyqS7Dnv7xIOmcNW/O781rzqqyjgo7QMaojG12gJrpBLdRGFD2iZ/SK3own48V4Nz5mo0tGuXOA/sD4/AGRv5VI</latexit><latexit sha1_base64="rEC81UtAemRDLO3rEc4EGJN/sFk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiGxcuKtgHNKFMppN26OTBzI0QQ/BX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c7xYcAWW9W0sLa+srq1XNqqbW9s7u+befkdFiaSsTSMRyZ5HFBM8ZG3gIFgvlowEnmBdb3Jd+N0HJhWPwntIY+YGZBRyn1MCWhqYh05AYEyJyG7zujMmkKX56cCsWQ1rCrxI7JLUUInWwPxyhhFNAhYCFUSpvm3F4GZEAqeC5VUnUSwmdEJGrK9pSAKm3GyaPscnWhliP5L6hYCn6u+NjARKpYGnJ4usat4rxP+8fgL+pZvxME6AhXR2yE8EhggXVeAhl4yCSDUhVHKdFdMxkYSCLqyqS7Dnv7xIOmcNW/O781rzqqyjgo7QMaojG12gJrpBLdRGFD2iZ/SK3own48V4Nz5mo0tGuXOA/sD4/AGRv5VI</latexit><latexit sha1_base64="rEC81UtAemRDLO3rEc4EGJN/sFk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiGxcuKtgHNKFMppN26OTBzI0QQ/BX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c7xYcAWW9W0sLa+srq1XNqqbW9s7u+befkdFiaSsTSMRyZ5HFBM8ZG3gIFgvlowEnmBdb3Jd+N0HJhWPwntIY+YGZBRyn1MCWhqYh05AYEyJyG7zujMmkKX56cCsWQ1rCrxI7JLUUInWwPxyhhFNAhYCFUSpvm3F4GZEAqeC5VUnUSwmdEJGrK9pSAKm3GyaPscnWhliP5L6hYCn6u+NjARKpYGnJ4usat4rxP+8fgL+pZvxME6AhXR2yE8EhggXVeAhl4yCSDUhVHKdFdMxkYSCLqyqS7Dnv7xIOmcNW/O781rzqqyjgo7QMaojG12gJrpBLdRGFD2iZ/SK3own48V4Nz5mo0tGuXOA/sD4/AGRv5VI</latexit><latexit sha1_base64="rEC81UtAemRDLO3rEc4EGJN/sFk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoMuiGxcuKtgHNKFMppN26OTBzI0QQ/BX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c7xYcAWW9W0sLa+srq1XNqqbW9s7u+befkdFiaSsTSMRyZ5HFBM8ZG3gIFgvlowEnmBdb3Jd+N0HJhWPwntIY+YGZBRyn1MCWhqYh05AYEyJyG7zujMmkKX56cCsWQ1rCrxI7JLUUInWwPxyhhFNAhYCFUSpvm3F4GZEAqeC5VUnUSwmdEJGrK9pSAKm3GyaPscnWhliP5L6hYCn6u+NjARKpYGnJ4usat4rxP+8fgL+pZvxME6AhXR2yE8EhggXVeAhl4yCSDUhVHKdFdMxkYSCLqyqS7Dnv7xIOmcNW/O781rzqqyjgo7QMaojG12gJrpBLdRGFD2iZ/SK3own48V4Nz5mo0tGuXOA/sD4/AGRv5VI</latexit>

Modular Backpropagation Forward Decision Feedback



Implicative Constructions
Implicative: manage

Joan managed to solve the problem   

entails            
Joan solved the problem      

contradicts 

 Joan did not solve the problem 

permits           

 The problem was not about mathematics

20

Matrix clause 

Relation 

Complement clause 

= neither entails nor contradicts 



Implicative Constructions
Implicative: fail

Joan failed to solve the problem  

entails         
Joan did not solve the problem 

contradicts 

 Joan solved the problem 

permits           

 The problem was about mathematics.

21

Matrix clause 

Relation 

Complement clause 

= neither entails nor contradicts 



Implicative Constructions
Strawson Entailment I

Joan solved the problem    

does not entail 
 Joan managed to solve the problem 

because manage has a presupposition: 

 It was difficult for Joan to solve the problem 

The entailment only goes in one direction. The sentences in blue are not equivalent for us (as they 
are in MacCartney’s 2009 NatLog system). 

Strawson entailment (von Fintel) 

A entails B just in case A satisfies all the presuppositions of B.  

We adopt this notion of entailment.

22



Implicative Constructions
Strawson Entailment II

Joan did not solve the problem    

does not entail 
 Joan failed to solve the problem 

because fail has a presupposition: 

 Joan tried to solve the problem or was expected to solve it 

23



Implicative Constructions
Signatures

John managed to write the paper 

entails 

John wrote the paper.

24
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Karttunen 1971



Implicative Constructions
Signatures

John managed to write the paper 

entails 

John wrote the paper.

25

+

Karttunen 1971



Implicative Constructions
Signatures

John didn’t manage to write the paper 

entails 

John didn’t write the paper.

26

+ –

Karttunen 1971



Implicative Constructions
Signatures Recap: pos|neg

manage    +|− 

       

fail     −|+ 

           

promise     o|o

27

+ –

Karttunen 1971

– +

ø ø

The pos sign indicates the semantic relation of the matrix sentence to its complement in 
affirmative environments, the neg sign pertains to negative environments. 

+ indicates entailment, − indicates contradiction, o stands for permits



Implicative Constructions
Nested Implicatives

Implicatives can be nested: 
■ John failed to manage to solve the problem 

■ John managed to fail to solve the problem 

both entail 
■ John did not solve the problem 

but they have different presuppositions 

What is the difference?

28



Implicative Constructions
Composition of signatures

 manage    ∘     fail    =    manage to fail 

      +|–               –|+                 –|+ 

 fail    ∘   manage    =    fail to manage 

 –|+              +|–                      –|+ 

promise    ∘    manage    =    promise to manage 

    o|o                   +|–                       o|o 

manage    ∘    promise    =    manage to promise 

    +|–                    o|o                            o|o   

fail    ∘    promise    =    fail to promise 

–|+              o|o                     o|o
29



Implicative Constructions
Composition of signatures

   sig1   ∘    sig2    =    sig2                     if sig1 is +|? 

   sig1   ∘    sig2    =   reverse(sig2)    if sig1 is –|? 

      sig1   ∘    sig2    =    o|o                      if sig1 is o|? 

Composition of signatures is associative: 

  (sig1   ∘    sig2)    ∘    sig3    =    sig1    ∘    (sig2   ∘    sig3) 

 not    ∘    fail    ∘    manage    =    not fail to manage 

       –|+         –|+              +|–                          +|– 

            +|–             –|+      

The blue and the red path lead to the same result.
30 Nairn et al (2006)



Implicative Constructions
Plane of Signatures

+ +– +

+ –

+ ø– ø ø ø

ø +

ø –– –

take no time

manage

be able

be forced

take vow

hesitate

fail

refuse

+ +

– –

Two-way implicativesOne-way implicativesNon implicatives

Positive polarity axis 

(first slot)

Negative polarity axis 

(second slot)



Entailment and Invited Inferences
Two-way Implicatives

Two-way implicatives yield an entailment under both positive and negative polarity. 

  +|− verbs 

  manage,  bother, dare, deign, remember (to), happen, turn out 

Preserve polarity 

 −|+ verbs 

  fail, neglect, refuse, forget (to) 

Reverse polarity

32

– +

+ – manage

fail



Entailment and Invited Inferences
One-way implicatives

There are four types of implicatives that yield an entailment only under one polarity.  

The entailments of able and force are polarity-preserving, refuse and hesitate reverse the polarity. 

For the polarities associated with non-zero signature, we have for example 

■ Ann was not able to speak.         ⊏ Ann didn’t speak.          o|− 
■ Ann was forced to speak.  ⊏ Ann spoke.    +|o 
■ Ann refused to speak.   ⊏ Ann didn’t speak.         −|o 
■ Ann didn’t hesitate to speak. ⊏ Ann spoke.    o|+

33

refuse

With the polarity corresponding to zero-signature 
there is no entailment but there may be a 
suggestion, an invited inference.



Entailment and Invited Inferences
Invited inferences

Ann was able to speak.    
↝ Ann spoke.              (+)|− 

Ann was not forced to speak.         
↝ Ann didn’t speak.     +|(−) 

Ann did not refuse to speak.         
↝  Ann spoke.              −|(+) 

Ann hesitated to speak.   
↝ Ann didn't speak.            (−)|+

34

+ +– +

+ –

+ ø– ø ø ø

ø +

ø – manage

be able

be forced

hesitate

fail + +

– –

refuse



Entailment and Invited Inferences
animal ᴗ nonhuman

     X ᴗ Y ≡ X ⋂ Y ≠ ∅ ⋀ X ⋃ Y = U 

      where U is the Universe of Discourse

35

human nonhuman

animal non-animal

Universe

You are an animal!
Why is this an insult?

human

animal
⊏

nonhuman

animal
⋀

nonhuman

non-animal
#



Entailment and Invited Inferences
One way implicatives: o|+

36

Ann asked

Ann did not hesitate to askAnn hesitated to ask

Ann did not ask asked

hesitated

⋀

Ann did not hesitate to askAnn hesitated to ask

Ann did not ask Ann asked

Universe

Ann hesitated to ask ᴗ Ann asked

⊏



Entailment and Invited Inferences
One way implicatives: −|o

37

Ann did not speak

Ann refused to speakAnn did not refuse to speak

Ann spoke ¬ speak

¬ refuse

⋀

Ann refused to speakAnn did not refuse to speak

Ann spoke Ann did not speak 

Universe

Ann did not refuse to speak ᴗ Ann did not speak

⊏



Entailment and Invited Inferences
One way implicatives: o|−

38

Ann spoke

Ann was able to speak

⊐

Ann wasn’t able to speak

⊏

Ann didn’t speak ¬ speak

able
⋀

Ann was able to speakAnn was not able to speak

Ann  didn’t speak Ann spoke

Universe

Ann was able to speak ᴗ Ann didn’t speak



Entailment and Invited Inferences
One way implicatives: +|o

39

Ann didn’t speak

Ann was not forced to speak

⊏

Ann was forced to speak

Ann spoke
spoke

¬ forced

⋀

Ann was not forced to speakAnn was forced to speak

Ann spoke Ann didn’t speak

Universe

Ann was not forced to speak ᴗ Ann spoke

⊐



Entailment and Invited Inferences
Explaining the invited inferences

As shown in the previous diagrams all the one-way implicatives are in a cover relation: 

• Ann was able to speak.   ᴗ  Ann did not speak.       invites  Ann spoke. 

• Ann did not refuse to speak.  ᴗ  Ann did not speak.       invites  Ann spoke. 

• Ann was not forced to speak.  ᴗ  Ann spoke.                       invites  Ann didn't speak. 

• Ann hesitated to speak.   ᴗ  Ann spoke.                       invites  Ann didn't speak. 

In all cases the invited inference is the negation of the corresponding statement in the right, from 
the intersection of the two propositions. 

40



Entailment and Invited Inferences
Probabilistic Signatures

• be able  .9|–           
★behaves a (+)|–  
★~90% of the cases 

• prevent    –|.7 
★behaves as (–)|+      
★~70% of the cases

41



Reasoning with Implicatives 
Phrasal two-way implicatives

use an asset, opportunity 

 I used the money to buy shoes and food. 
 Randy didn’t use the opportunity to toot his own horn. 

waste an asset  

 I wasted the money to buy a game that I cannot play.  
 I’m glad I didn’t waste 90 minutes to see this film.  
waste an opportunity 

 Mr. Spitzer wasted the opportunity to drive a harder bargain.  
 She didn't waste the chance to smile back at him. 
fail an obligation 

 The Avatar failed his duty to bring peace to a broken world. 
 Orlando didn't neglect his duty to escort the dead.
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Reasoning with Implicatives 
Phrasal one-way implicatives

–|o 
lack opportunity 
 She lost the chance to qualify for the final. 

o|– 
have ability  
 The defendant had no ability to pay the fine. 
make effort 
 I have made no effort to check the accuracy of this blog. 

o|+ 
show hesitation 

 She did not have any hesitation to don the role of a seductress.  

 Fonseka displayed no reluctance to carry out his orders. 
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Reasoning with Implicatives 
Phrasal Implicatives: Most Common Verbs

44

VERB FAMILY NOUN FAMILY
IMPLICATIVE 
SIGNATURE

HAVE
ABILITY  |  OPPORTUNITY 
COURAGE  |  WISDOM

o|− 
+|−

LACK ABILITY | OPPORTUNITY −|o

MAKE EFFORT o|−

MEET 
FAIL

OBLIGATION
+|− 
−|+

SHOW HESITATION o|+

TAKE ASSET  |  EFFORT +|−

USE ASSET  |  OPPORTUNITY +|−

WASTE
ASSET 
OPPORTUNITY

+|− 
−|+



Reasoning with Implicatives 
Verb families

45

FAIL fail, neglect

HAVE get, have, possess

LACK discard, give up, lack, lose, miss, throw away

MAKE do, make, undertake

MEET acquit, do, fulfill, meet, perform (OBLIGATION)

SHOW have, show, display

TAKE grab, seize, snap, snatch, take

USE expend, exploit, use, utilize

WASTE drop, squander, waste



Stanford Corpus of Implicative Constructions
A Corpus of Implicatives

Attested around 1000 implicative constructions (DARPA FAUST Project) (Karttunen et al. 2007) 

Stanford Corpus of Implicatives (SCI) 
■ Consists of ~11K natural language triplets with a premise, hypothesis, and label. 
■ Human-generated triplets from seed sentences collected from Google Books and the web. 
■ 90+ implicative constructions. 
■ Additional 20+ nested implicatives in a extra set of the corpus. 
■ Four different subsets: 

• Joint/disjoint/mismatch, 
• Nested. 

Implicative signatures 
■ Signatures provide high quality information that can be used as meta-information for NLI. 

http://nlp.stanford.edu/projects/sci
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Stanford Corpus of Implicative Constructions
Signatures in the Corpus of Implicatives

+ +– +

+ –

+ ø– ø ø ø

ø +

ø –– –

take no time 
waste no time
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bother, dare, follow order,  
fulfill promise, happen,  

have courage, have foresight,  
have gall, have wherewithal,  

keep promise, manage, 
meet duty, meet obligation, 

promise, obey order, remember, 
succeed,  

take chance, take opportunity, take 
time, turn out,  

waste money, waste time
be able 

get chance

be forced

make promise 
make vow 
take vow

hesitatebreak pledge, break promise,  
disobey order,  

fail, fail obligation,  
forget, lack foresight, lose opportunity,  

miss chance, miss opportunity,  
neglect,  

waste chance, waste opportunity

be prevented 
refuse

+ +

– –
have chance 

have time



Reasoning with Implicatives 
Desiderata I

1. Basics.  
■ The model should have a good test performance on sentences containing implicative 

constructions it has seen in training. 

2. Generalization.  
The model should able to generalize in the way people do. 
■ Unseen lexical items 
■ Longer sequences 

3. Composition of signatures. 
■ Nested implicatives
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Router

Router

Router

Modular and Compositional Learning for Natural Language Understanding
Signatures as Meta-Information
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Router

Router

Modular and Compositional Learning for Natural Language Understanding
Signatures as Meta-Information
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Router

Modular and Compositional Learning for Natural Language Understanding
Signatures as Meta-Information
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Router

Router

Modular and Compositional Learning for Natural Language Understanding
Signatures as Meta-Information
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Experiments
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Premise Hypothesis

Encoder Encoder

:

Softmax

Label

John managed to write the paper John wrote the paper

entails

Wm
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<latexit sha1_base64="2ZzJgmC+2N+g3yUK42hNRbzFPTw=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NFprhj6LBWp6oZUo+ASfcONwG6mkCahwMdwfDurPz6h0jyVD2aSYZDQoeQxZ9RYy+8LJNGg3nCb7lxkFbwSGlCqPah/9aOU5QlKwwTVuue5mQkKqgxnAqe1fq4xo2xMh9izKGmCOijmy07JmXUiEqfKPmnI3P09UdBE60kS2s6EmpFers3M/2q93MTXQcFllhuUbPFRnAtiUjK7nERcITNiYoEyxe2uhI2ooszYfGo2BG/55FXoXDQ9y/eXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseiteKUM8fwR87nD1gGjl0=</latexit><latexit sha1_base64="2ZzJgmC+2N+g3yUK42hNRbzFPTw=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NFprhj6LBWp6oZUo+ASfcONwG6mkCahwMdwfDurPz6h0jyVD2aSYZDQoeQxZ9RYy+8LJNGg3nCb7lxkFbwSGlCqPah/9aOU5QlKwwTVuue5mQkKqgxnAqe1fq4xo2xMh9izKGmCOijmy07JmXUiEqfKPmnI3P09UdBE60kS2s6EmpFers3M/2q93MTXQcFllhuUbPFRnAtiUjK7nERcITNiYoEyxe2uhI2ooszYfGo2BG/55FXoXDQ9y/eXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseiteKUM8fwR87nD1gGjl0=</latexit><latexit sha1_base64="2ZzJgmC+2N+g3yUK42hNRbzFPTw=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NFprhj6LBWp6oZUo+ASfcONwG6mkCahwMdwfDurPz6h0jyVD2aSYZDQoeQxZ9RYy+8LJNGg3nCb7lxkFbwSGlCqPah/9aOU5QlKwwTVuue5mQkKqgxnAqe1fq4xo2xMh9izKGmCOijmy07JmXUiEqfKPmnI3P09UdBE60kS2s6EmpFers3M/2q93MTXQcFllhuUbPFRnAtiUjK7nERcITNiYoEyxe2uhI2ooszYfGo2BG/55FXoXDQ9y/eXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseiteKUM8fwR87nD1gGjl0=</latexit><latexit sha1_base64="2ZzJgmC+2N+g3yUK42hNRbzFPTw=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NFprhj6LBWp6oZUo+ASfcONwG6mkCahwMdwfDurPz6h0jyVD2aSYZDQoeQxZ9RYy+8LJNGg3nCb7lxkFbwSGlCqPah/9aOU5QlKwwTVuue5mQkKqgxnAqe1fq4xo2xMh9izKGmCOijmy07JmXUiEqfKPmnI3P09UdBE60kS2s6EmpFers3M/2q93MTXQcFllhuUbPFRnAtiUjK7nERcITNiYoEyxe2uhI2ooszYfGo2BG/55FXoXDQ9y/eXjdZNGUcVTuAUzsGDK2jBHbTBBwYcnuEV3hzpvDjvzseiteKUM8fwR87nD1gGjl0=</latexit>

…

+|–

Router



Modular and Compositional Learning for Natural Language Understanding
Results SCI

54



Modular and Compositional Learning for Natural Language Understanding
Navigating the Transfer–Interference Trade-off
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Modular and Compositional Learning for Natural Language Understanding
From Meta-information to Dispatching
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Basic Dispatch 72.7 65.05 67.74 80.35
AE Dispatch 71.4 64.13 67.7 83.24



Modular and Compositional Learning for Language Understanding
Summary

Transfer–Interference Trade-off 
■ Introduces the transfer-interference trade off. 
■ Meta-Experience Replay as a solution to navigate the trade-off. 
■ Unification of continual learning and meta-learning. 
■ Matt Riemer, Ignacio Cases, Robert Ajemian, Miao Liu, Irina Rish, Yuhai Tu, and Gerald Tesauro. ICLR 2019. 

Recursive Routing Networks 
■ Recursive models that learn to compose modules. 
■ Flexibly incorporated in other models. 
■ Leverage meta-information. 
■ End-to-end learning.
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Modular and Compositional Learning for Language Understanding
Summary

Stanford Corpus of Implicatives 
■ Natural Language Inference dataset of implicative constructions with ~11K examples. 
■ 90+ implicative constructions with compositional signatures. 
■ Identified a new type of implicative signature. 
■ Ignacio Cases, Clemens Rosenbaum, Matthew Riemer, Atticus Geiger, Tim Klinger, Alex Tamkin, Olivia Li, Sandhini Agarwal, Joshua D. 

Greene, Dan Jurafsky, Christopher Potts, and Lauri Karttunen. NAACL 2019. 

Dispatching Routing Networks 
■ Relaxation in the need of meta-information / no need for meta-information. 
■ Full end-to-end training with three new types of dispatching mechanisms. 
■ Online dispatching with different objectives. 
■ Ignacio Cases*and Clemens Rosenbaum*, and Matthew Riemer, Atticus Geiger, Lauri Karttunen, Joshua D. Greene, Dan Jurafsky, and 

Christopher Potts. Stanford NLP Tech Report 2019-1.
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Reasoning with Implicatives 
Desiderata II

4. Nega(on. Every statement contradicts its nega2on. 

5. Symmetry of contradic(on. Whenever A contradicts B, B contradicts A as well, provided that A 
does not have presupposi2ons that B does not have. (“Strawson entailment”.) 

6. Reflexivity and transi(vity of entailment. Every statement entails itself. 

7. Distant contradic(on. If A entails C and B entails not C, will the model be able to conclude that A 
and B contradict each other? 
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